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2I. INTRODUCTION
Recently, some anomalies of the cosmic microwave background radiation (CMB) such as the hemispherical asym-
metry and the cold spot have been detected by the Wilkinson Microwave Anisotropy Probe (WMAP) satellite [1]
and Planck one [2, 3]. These phenomena are beyond the prediction of standard inflationary models [4]. A possibility
for this inconsistency might be derived from the assumption that the spacetime of early universe is the homoge-
neous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) metric [5]. Hence, the effect of cosmic inflation
in anisotropic Bianchi type space time [6] could lead to a proper resolution providing corrections consistent with
observations [7].
If the early universe was induced by anisotropic inflation, we would like to find out the late-time state of universe.
There is an important hint from the cosmic no-hair conjecture proposed by Hawking and his colleagues predicting
that the universe will approach a homogeneous and isotropic state at late time regardless of any anisotropic and/or
inhomogeneous initial states [8]. If the conjecture is true, the universe would be isotropic and homogeneous at late
time. Unfortunately, the conjecture is difficult to prove. Indeed, there have been efforts trying to prove the cosmic
no-hair conjecture for many different models. For example, Wald has proposed a proof using the energy conditions
approach for the Bianchi metrics, which are homogeneous but anisotropic spacetime [9]. Kleban et al. have also tried
to generalize the Wald’s proof to anisotropic and inhomogeneous spacetimes recently [10]. More interestingly, Carroll
and Chatwin-Davies have proposed another proof for the conjecture using the entropy approach [11]. In addition, some
proofs for specific inflation models have been carried out in Ref. [12]. Furthermore, some observational constraints
for anisotropic universe have been analyzed in Ref. [13], which could be useful in order to see whether the proposed
anisotropic inflation models are viable.
Besides the proofs, it has been shown that the cosmic no-hair conjecture might be violated in some particular
gravity models [14, 15, 17]. For example, the cosmic no-hair conjecture was claimed to break down for the higher-
order extensions of general relativity in Ref. [14]. It has also been pointed out in Ref. [15] that the Lorentz
Chern-Simons terms might disfavor the prediction of this conjecture. However, some of these counterexamples have
been shown to be unstable by stability analysis indicating that the cosmic no-hair conjecture could be true for these
models [16]. This result indicates that the Einstein gravity with or without corrections might not maintain any
classical hair of early universe. However, hair could exist for models with matter fields with special coupling shown
in Ref. [17]. For example, a supergravity-motivated model with a unusual coupling term between scalar and vector
fields, f2(φ)FµνF
µν , has been proposed by Kanno, Soda, and Watanabe (KSW).
Indeed, this model has been shown to admit a stable and attractor Bianchi type I solution during an inflationary
phase. The new set of solutions has been shown to disfavor the cosmic no-hair conjecture. Furthermore, this result
is still valid when a canonical scalar field of the KSW model is replaced by non-canonical models such as the Dirac-
Born-Infeld (DBI) field [18], the supersymmetric Dirac-Born-Infeld (SDBI) field [19], the k-inflation [20], and the
convariant Galileon field [21]. More interestingly, the cosmic no-hair conjecture has been shown to be broken down in
a five-dimensional extension of the KSW model [22]. As a result, the unusual coupling f2(φ)FµνF
µν has played an
interesting role inducing a stable anisotropy during the inflationary phase to a spacetime of the KSW model as well
as its non-canonical extensions. Many other extensions of the KSW model have also been proposed in Ref. [23] to
check if the cosmic-no-hair conjecture is valid or not.
In summary, the KSW model has become an attractive model [24]. Hence, it is very interesting to study all
cosmological aspects of this anisotropic inflation model. Some significant deviations from predictions of isotropic
inflation could be from these models. The predictions can also be checked by more sensitive observations in the near
future. For example, imprints of the KSW anisotropic inflation on the CMB through correlations between T , E, and
B modes have been investigated systematically in Refs. [25–28], while primordial gravitational waves for the KSW
model have been discussed in Ref. [29]. The primordial gravitational waves detectors like the BICEP2 or Keck array
[30] will also provide critical constraints for these theoretical predictions. In this paper, therefore, we propose to study
the correlations of T , E, and B modes in non-canonical anisotropic inflation, e.g., the DBI and SDBI models [18, 19]
to see how the non-canonical terms of scalar field affect the results in the KSW model [25–27].
As a result, this paper will be organized as follows: (i) An introduction to this study has been written in the Sec.
I. (ii) A short setup of the non-canonical anisotropic inflation models will be shown in Sec. II. (iii) Then, scalar
and tensor perturbations for these anisotropic inflation models will be presented in Sec. III. (iv) Accordingly, the
CMB imprints of the non-canonical anisotropic inflation will be shown analytically in Sec. IV. In addition, numerical
spectra will be plotted using the recent data of Planck as well as the BICEP2 and Keck array in this section. (v)
Finally, concluding remarks will be given in Sec. V.
3II. NON-CANONICAL EXTENSIONS OF KANNO-SODA-WATANABE MODEL
In principle, a non-canonical extension of Kanno-Soda-Watanabe model can be built by replacing canonical scalar
field by non-canonical model. For example, a non-canonical extension of Kanno-Soda-Watanabe model can be de-
scribed by the following action [20]
S =
∫
d4x
√
g
[
M2p
2
R+ P (φ,X)− 1
4
h2 (φ)FµνF
µν
]
, (2.1)
with Mp the reduced Planck mass, Fµν ≡ ∂µAν−∂νAµ the field strength of the vector field Aµ, and h(φ) an arbitrary
function of scalar field respectively [17–29]. Note that P (φ,X) is an arbitrary function of φ with X ≡ −∂µφ∂µφ/2
the standard kinetic term [32]. It is clear that if P (φ,X) is of the following form,
P (φ,X) =
1
f (φ)
γ − 1
γ
− V (φ) , (2.2)
then we will have the corresponding DBI extension of the KSW model [18]. Here γ ≡ 1/√1 + f(φ)∂µφ∂µφ is the
Lorentz factor characterizing the motion of the D3-brane [18]. It is clear that γ ≥ 1 for non-negative f(φ). On the
other hand, if P (φ,X) is chosen to be
P (φ,X) =
1
f (φ)
γ − 1
γ
− Σ20V (φ) with Σ0 =
(
γ + 1
2γ
) 1
3
(2.3)
the model reduces to the supersymmetric DBI extension of the KSW model [19]. Additionally, another non-canonical
extension of the KSW model can be found in Ref. [20] with P (φ,X) assumed to be the generalized ghost condensate
form
P (φ,X) = −X + c
M4np
exp
[
nλφ
Mp
]
Xn+1. (2.4)
Here c > 0 and n ≥ 1 are all constants [20]. Note that we can also go beyond the non-canonical action shown in Eq.
(2.1) by adding more non-canonical terms of scalar field such as, G(φ,X)φ instead of the function P (φ,X). These
extensions are referred to as the (covariant) Galileon extension of the KSW model [21]. We will focus, however, on
the model (2.1) in this paper.
III. SCALAR AND TENSOR PERTURBATIONS
Note that the anisotropy deviation σ should be very small compared to the isotropy parameter α in order to be
consistent with the observations data like WMAP [1] or Planck [3]. Hence, it is a good approximation to take the
background metric as the spatially flat Friedmann-Robertson-Walker (FRW) metric instead of the Bianchi type I
metric for simplicity [25–28]. We will also present a brief review of the derivation shown in Refs. [25–28].
A. Scalar perturbation
In this subsection, we will breifly review some results on the scalar perturbation presented in Ref. [19]. Following
Refs. [31, 32], the scalar perturbation metric can be written as
ds2 = a2(η)
[− (1 + 2Φ) dη2 + (1 + 2Ψ) δijdxidxj] (3.1)
with η ≡ ∫ a−1dt the conformal time. The gauge covariant curvature perturbation is given by [32]
ζ = Ψ− H
φ˙
δφ, (3.2)
with H the Hubble constant. Moreover, if the spatially flat gauge Ψ = 0 is chosen, we will perform the following
gauge covariant curvature perturbation [25–28],
ζ = −H
φ˙
δφ. (3.3)
4For the action (2.1), it can be shown in Refs. [17, 25, 26] that the existence of a vector field coupled to scalar field
could induce a small spatial anisotropy. Indeed, once the statistical isotropy of CMB is broken, the scalar power
spectrum becomes [33]
Pζk,ani = Pζ(0)k
(
1 + g∗ cos2 θk,V
)
. (3.4)
Here g∗ is a constant characterizing the deviation from the spatial isotropic and is expected to be smaller than one,
i.e., |g∗| < 1. In addition, θk,V is the angle between the comoving wave number k with the privileged direction V
close to the ecliptic poles [33]. Moreover, we will write θk,V as θ for convenience.
It is worth noting that the non-vanishing of g∗ has been observed [34–38]. In particular, it was shown [34] that
g∗ = 0.29 ± 0.031, nonzero at 9σ using the 5-year WMAP data. In addition, the bound g∗ = 0.002 ± 0.016 has
been obtained at 68% confidence level using the Planck 2013 data [35]. Moreover, the other bound |g∗| < 0.072 has
also been obtained at 95% confidence level (−0.046 < g∗ < 0.048 at 68 % confidence level) using the 9-year WMAP
data[36]. A more general analysis using the Planck 2015 data for g∗ has been carried out [37] to provide the bounds
that −0.041 < g∗ < 0.036 at 95% confidence level. Another analysis using three dimensional spectroscopic galaxy
data of LSS surveys has revealed that −0.09 < g∗ < 0.08 at 95% confidence level [38].
In addition, the isotropic scalar power spectrum Pζ(0)k is given by [32]
Pζ(0)k =
1
8pi2M2p
H2
cs
∣∣∣∣
c∗sk∗=a∗H∗
, (3.5)
with a general definition for non-canonical scalar field. Here  ≡ −H˙/H2 denotes the slow-roll parameter, H ≡ a˙/a is
the Hubble expansion rate, and a(t) is a scale factor of metric. In addition, ∗ denotes the pivot scale (or horizon-exit
scale) where the universe can be approximated by de Sitter space specified by a∗ ' −(H∗η∗)−1. Note also that the
notation cs stands for the speed of sound defined by [32]
c2s ≡
∂Xp
∂Xρ
=
ρ+ p
2X∂Xρ
, (3.6)
with p and ρ the pressure and energy density parameters defined by
p = P (φ,X), (3.7)
ρ = 2X∂XP (φ,X)− P (φ,X), (3.8)
respectively. It is straightforward to show that cs = 1 for canonical scalar field and c
2
s 6= 1 for non-canonical scalar
fields. Indeed, it turns out that
c2s =
1
γ2
, (3.9)
for the DBI field. In addition, c2s for the SDBI field is given by [19]
c2s =
Σ2
Σ1
, (3.10)
with
Σ1 = γ
3 +
γ
9Σ0
(
3γ2 + γ − 1) fV, (3.11)
Σ2 = γ +
γ
3Σ0
fV. (3.12)
For the generalized ghost condensate model (2.4), cs can be shown to be [20]
c2s =
−1 + (n+ 1) cM4np exp
[
nλφ
Mp
]
Xn
−1 + (n+ 1)(2n+ 1) cM4np exp
[
nλφ
Mp
]
Xn
. (3.13)
It is apparent that Σ2 < Σ1 and γ ≥ 1 for non-negative f(φ) and V (φ). Hence, c2s ≤ 1 for both the DBI and SDBI
models. Note that γ ' 1 as shown in Ref. [19] in order to induce inflation. Hence, c2s ' γ−2 ' 1 since Σ1 ' γ2Σ2
5in the framework of the SDBI inflation. The speed of sound cs is also smaller than one for n ≥ 1 for the generalized
ghost condensate model (2.4) [20].
Following Ref. [25], g∗ can be evaluated for the non-canonical scalar field. As a result, we need only to restore
the speed of sound, c2s, of non-canonical scalar field to appropriate order. Note first that the standard Bunch-Davies
(BD) vacuum state for the non-canonical scalar field can be shown to be [39]
ζ(0)nc (k, η) =
H
2
√
csMpk3/2
(1 + icskη) e
−icskη. (3.14)
Here the superscript (0) denotes the de Sitter background. Given this BD vacuum we are able to estimate the full
scalar power spectrum for the non-canonical scalar field. Indeed, the full power spectrum in the Heisenberg interaction
picture for the scalar perturbation, up to the second order, can be shown to be [25, 26]
〈0|ζˆnc(k, η)ζˆnc(k′, η)|0〉 ' 2pi
2
k3
δ3(k + k′)Pζ(0)k,nc −
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2〈0|
[[
ζˆ(0)nc (k, η)ζˆ
(0)
nc (k
′, η), Hζ(η1)
]
, Hζ(η2)
]
|0〉.
(3.15)
Here Pζ(0)k,nc is the isotropic scalar power spectrum for the non-canonical scalar field, defined in Eq. (3.5), given by
Pζ(0)k,nc = Pζ(0)k =
1
8pi2M2p
H2
cs
(3.16)
with ζˆ
(0)
nc (k, η) defined as
ζˆ(0)nc (k, η) = ζ
(0)
nc (k, η)a(k) + ζ
(0)∗
nc (k, η)a
†(−k). (3.17)
Here, a(k) and a†(−k) are the creation and annihilation operators satisfying the commutation relation [a(k), a†(−k′)] =
δ3(k + k′), [a(k), a(k)] = 0, and [a†(k), a†(k)] = 0. It is hence straightforward to show that the first order term in
Eq. (3.15) vanished due to 〈0|a†|0〉 = 0 and a|0〉 = 0. Note that Hζ(η), in Eq. (3.15), is the interaction Hamiltonian
associated with the scalar perturbations derived from the coupling term −1/4f2(φ)F 2 [25, 26]. As a result, the
scalar perturbation part of the tree-level interacting Lagrangian can be decomposed as Ai(x, η) = A
(0)
i (η) + δAi(x, η)
(i = x, y, z) with the field perturbations [25, 26]
Lint,ζ = 4a
4ExδExζ
(0)
nc . (3.18)
Here Ex ≡ (h/a2)A(0)
′
x and a ≡ eα = −(ηH)−1 is the scale factor of de Sitter background spacetime. In ad-
dition, A
(0)
x is the background value of the x-component of the vector field defined by A
(0)
µ = (0, A
(0)
x , 0, 0) with
A
(0)′
x ≡ dA(0)x /dη [25]. Moreover, δEi(η,x) ≡ hδA′i/a2 are the perturbations electric components. Consequently, the
corresponding Hamiltonian for the scalar perturbation can be shown to be
Hζ(η) = 4a
4Ex
∫
d3kδEx(k, η)ζˆ(−k, η), (3.19)
with δEx(k, η) the Fourier transform of δEx(x, η) defined, in the super-Hubble regime with |kη|  1, as [25]
δEx(k, η) =
∑
λ=1,2
3H2√
2k3
[
aλ(k) + a
†
λ(−k)
]
(λ)x (k). (3.20)
A more general definition of δEi(k, η) is given by
δEi(k, η) =
∑
λ=1,2
3H2√
2k3
[
aλ(k) + a
†
λ(−k)
]

(λ)
i (k), (3.21)
with i = x, y, z. Here 
(λ)
x (k) is the x-component of the polarization vectors satisfying the following conditions [25]
ki
λ
i (k) = 0; 
λ
i (−k) = λ∗i (k); λi (k)λ
′∗
i (k) = δλλ′ . (3.22)
6Due to the rotational symmetry in the (y, z) plane, the wave number vector in the Fourier space can be defined as
k = k(cos θ, sin θ, 0) with θ the angle between k and x-axis. Hence, the polarization vectors are defined as
1i (k) = (−i sin θ, i cos θ, 0); 2i (k) = (0, 0, 1). (3.23)
As a result, we can show that the last term in Eq. (3.15) reduces to
−
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2〈0|
[[
ζˆ(0)nc (k, η)ζˆ
(0)
nc (k
′, η), Hζ(η1)
]
, Hζ(η2)
]
|0〉 = 2pi
2
k3
δ3(k + k′)
c4sE
2
xN
2
csk
pi22M4p
sin2 θ. (3.24)
Here we have used the fact that ηmin,i = −(cski)−1 at the horizon exit. A brief review is presented in Appendix A.
Hence, the full power spectrum becomes
Pζk,nc = Pζ(0)k,nc
(
1 +
8c5sE
2
xN
2
csk
M2pH
2
sin2 θ
)
, (3.25)
with Ncsk ' 60 the e-fold number. As a result, g∗ for non-canonical scalar field can be defined by comparing Eq.
(3.25) with Eq. (3.4) as
g∗ = −c5s
8E2xN
2
csk
M2pH
2
= c5sg
0
∗ < 0. (3.26)
Here
g0∗ = −
8E2xN
2
csk
M2pH
2
< 0 (3.27)
for the canonical scalar field[25].
It is apparent that g∗ ' g0∗ if c2s ' 1 (e.g., in the SDBI model with γ ' 1). On the other hand, |g∗|  |g0∗| if c2s  1.
Consequently, Pζk,nc ∼ Pζ(0)k,nc for the models with c2s  1 (e.g., γ  1 for DBI model).
Note also that the scalar spectral index can be shown to be
ns − 1 ≡
d lnPζk,nc
d ln k
∣∣∣∣∣
c∗sk∗=a∗H∗
' −2− η˜ − s+
(
2
Ncsk
− 5s
)
g∗ sin2 θ
1− g∗ sin2 θ
, (3.28)
where η˜ ≡ ˙/(H), s ≡ c˙s/(csH) [32, 40]. We have used the result that drA/dt ' 0 during the inflationary phase [25].
With the average value of sin2 θ given by 〈sin2 θ〉 = 2/3 [25], Eq. (3.28) reduces to
ns − 1 ' −2− η˜ − s+
(
2
Ncsk
− 5s
)
2g∗
3− 2g∗ . (3.29)
B. Tensor perturbations
The tensor perturbation metric can be written as [25, 31]
gµν = a
2(η)
[−dη2 + (δij + hij) dxidxj] , (3.30)
with hij the traceless (δ
ijhij = 0) and transverse (∂
ihij = 0) tensor perturbations obeying the condition, |hij |  1.
In addition, h+ and h× denotes the two degrees of freedom of polarizations.
To quantize the tensor perturbations, we can Fourier transform hij(x, η) as
hij(x, η) =
∫
d3k
(2pi)3/2
eikxhˆij(k, η). (3.31)
7Additionally, we can also decompose hˆij(k, η) in the Fourier space as
hˆij(k, η) = hˆ+(k, η)e
+
ij(k) + hˆ×(k, η)e
×
ij(k), (3.32)
hˆs(k, η) = hs(k, η)as(k) + h
∗
s(k, η)a
†
s(k). (3.33)
Here as(k) and a
†
s(k) are the creation and annihilation operators satisfying the commutation relation [as(k), a
†
s′(k
′)] =
δss′δ
3(k − k′). In addition, e+ij(k) and e×ij(k) are symmetric polarization tensors obeying the following conditions
esii(k) = 0 and kje
s
ij(k) = 0 for all s = +,×. For convenience, the normalization of esij(k) is given by esij(k)e∗s
′
ij (k) =
δss′ . Note that the gravitational wave in the KSW anisotropic inflation model lies on the (x, y) plane due to the
rotational symmetry in the (y, z) plane. Consequently, we can define the wave number vector in the Fourier space as
k = k(cos θ, sin θ, 0) with θ the angle between k and x-axis. Hence, it can be shown that [25]
hˆij =
hˆ+√
2
 sin2 θ − sin θ cos θ 0− sin θ cos θ cos2 θ 0
0 0 −1
+ ihˆ×√
2
 0 0 − sin θ0 0 cos θ
− sin θ cos θ 0
 . (3.34)
In the de Sitter background space, the isotropic polarizations h
(0)
+ (k, η) and h
(0)
× (k, η) are both given by
h(0)s (k, η) =
√
2H
Mpk3/2
(1 + ikη) e−ikη, (3.35)
which are solutions of the following evolution equations for the gravitational wave amplitude,
h(0)
′′
s + 2
a′
a
h(0)
′
s + k
2h(0)s = 0 (3.36)
derived from the Einstein equations. Here the superscript (0) denotes the de Sitter background. It is important to
note that the isotropic tensor power spectrum of the non-canonical scalar field model, Ph(0)k,nc , can be shown to be
identical to the result of canonical scalar field model since the gravity sector relative to the Ricci scalar in these
two models is identical [32, 40]. Indeed, the isotropic power spectrum Ph(0)k,nc can be defined in terms of two-point
correlation as
〈0|hˆ(0)ij (k)hˆ(0)ij (k′)|0〉 =
2pi2
k3
δ3(k + k′)Ph(0)k,nc (k), (3.37)
where
Ph(0)k,nc (k) =
2
pi2
H2
M2p
∣∣∣∣
k∗=a∗H∗
= 16csPζ(0)k,nc(k). (3.38)
Next, we can calculate the correction due to the existence of the coupling term h2(φ)FµνF
µν . As a result, all
calculations of tensor perturbations shown in Ref. [25] remain valid for the non-canonical scalar field (see Appendix
B for details). Indeed, we can show that
〈0|hˆij(k)hˆij(k′)|0〉 = 2pi
2
k3
δ3(k + k′)
(
Ph(0)k,nc +
4E2xN
2
k
pi2M4p
sin2 θ
)
. (3.39)
Hence, the full tensor power spectrum for the non-canonical scalar field is given by
Phk,nc = Ph(0)k,nc +
4E2xN
2
k
pi2M4p
sin2 θ
= Ph(0)k,nc
(
1− g
0
∗
4
N2k
N2csk
sin2 θ
)
' Ph(0)k,nc
(
1− g
0
∗
4
sin2 θ
)
, (3.40)
where we have used the approximation that Nk ∼ Ncsk [32].
As a result, the corresponding tensor spectral index is given by
nt ≡
d lnPhk,nc
d ln k
∣∣∣∣∣
k∗=a∗H∗
' −2, (3.41)
where 2 term is neglected for  1 during the inflationary phase [25].
8C. Full tensor-to-scalar ratio
Finally, we are able to obtain the full tensor-to-scalar ratio [25, 40, 41] for the non-canonical scalar field coupled to
the vector field model as
rnc ≡
Phk,nc
Pζk,nc
= 16cs
1− 14g0∗ sin2 θ
1− c5sg0∗ sin2 θ
. (3.42)
Furthermore, taking the average value of sin2 θ as 〈sin2 θ〉 = 2/3 [25], the full tensor-to-scalar ratio reduces to
rnc = 16cs
6− g0∗
6− 4c5sg0∗
. (3.43)
It is clear that when cs = 1 then the tensor-to-scalar ratio for non-canonical scalar field will reduce to that for
canonical scalar field, i.e., [25]
rnc → r = 16 6− g
0
∗
6− 4g0∗
. (3.44)
IV. CMB IMPRINTS OF THE NON-CANONICAL ANISOTROPIC INFLATION
The correlators of CMB observables take the following form [27, 28],
CX1X2l1l2m1m2 ≡ 〈aX1l1m1aX2∗l2m2〉
= 4pi
∫
dk
k
∆i1X1l1 (k)∆
i2X2
l2
(k)
∫ [
i1Y
∗
l1m1(θ, φ)i2Yl2m2(θ, φ)
]
P i1,i2(k, θ, φ)dΩ, (4.1)
where ∆ is the transfer function, while X represents the temperature anisotropy (Xi = T ), the E-mode (Xi = E), or
the B-mode (Xi = B). In addition, iYlm(θ, φ) is the spin-i-weighted spherical harmonics. Precise definitions will be
listed in Appendix D for completeness. On the other hand, the power spectra of helicity bases, P i1,i2 , are given by
[25–27]
P 0,0 = Pζ , (4.2)
P 0,±2 = P±2,0 =
1√
2
P 0,+ ≡ 1√
2
Pζh+ , (4.3)
P±2,±2 =
1
2
(
P++ + P××
)
=
1
2
(Ph+ + Ph×) ≡ Punph , (4.4)
P±2,∓2 =
1
2
(
P++ − P××) = 1
2
(Ph+ − Ph×) ≡ Ppolh , (4.5)
here we have noted that P 0,× = P×,0 ∼ Pζh× = 0 due to the fact that ixjz = 0. In addition, P 0,0, P 0,±2, P±2,±2,
and P±2,∓2 correspond to the scalar perturbations, cross-correlations, tensor perturbations, and linear polarization,
respectively. Note that P i1,i2 ∼ δi1i2 in the isotropic inflation, which implies that Pζh+ and Ppolh must vanish
identically when the spatial anisotropies do not show up. This should be a smoking gun for the anisotropic inflation.
Our next step is to define the explicit expression of Pζ , Punph , Ppolh , and Pζh+ in the context of non-canonical
extensions of the KSW model. As discussed earlier, the full scalar and tensor spectra for non-canonical scalar fields
are given by
Pζ = Pζk,nc = Pζ(0)k,nc
(
1− c5sg0∗ sin2 θ
)
, (4.6)
Punph = Phk,nc = Ph(0)k,nc
(
1− g
0
∗
4
sin2 θ
)
. (4.7)
Furthermore, we are able define the cross-correlation between curvature perturbations and the ’+’ mode of gravita-
tional waves, i.e., Pζh+ , to be [25–28] (see the Appendix C for specific details)
Pζh+ = −c2s
2E2xNcskNk√
2pi2M4p
sin2 θ = c3s
√
2g0∗Pζ(0)k,nc sin2 θ. (4.8)
9It is noted that Ph+ = Ph× up to the second order term (see the Appendix B for the proof), which results that
Ppolh ' 0 according to the definition in Eq. (4.5). Therefore, we need to consider higher order terms of Ph+ and Ph×
to see if there is any difference between them. And the gap, if exists, will be exactly the value of Ppolh as shown in
Eq. (4.5). As a result, we can define Ppolh up to the fourth order term as [25–28] (see Appendix C for details)
Ppolh = gl Ph(0)k,nc sin4 θ, (4.9)
where
gl ∼ O
(
2(g0∗)
2
)
. (4.10)
For each Pζ , Punph , Ppolh , or Pζh+ , we obtain the corresponding correlations which could be observed. Moreover,
information from observed correlations might help us to reveal the effect of the statistical anisotropy. In particular,
the anisotropy in the scalar or tensor perturbations might be figured out in the correlations associated with Pζ or
Punph , respectively. In addition, the anisotropy in the linear polarization or cross-correlation might be seen in the
correlations corresponding to Ppolh or Pζh+ , respectively [25–28].
A. Anisotropy in the scalar perturbations
According to the definition in Eq. (4.1), we have the corresponding correlations TT , TE, and EE in the scalar
perturbations (i1 = i2 = 0):
CX1X2l1l2m1m2 = 4pi
∫
dk
k
∆0X1l1 (k)∆
0X2
l2
(k)
∫ [
0Y
∗
l1m1(θ, φ)0Yl2m2(θ, φ)
]
P 0,0(k, θ, φ)dΩ. (4.11)
Next, we expand the anisotropic scalar power spectrum P 0,0 as the spherical harmonics [27, 28]
P 0,0 ≡ Pζk,nc =
∑
L,M
a00LM (k) 0YLM , (4.12)
with a00LM (k) = 0 for odd L. Furthermore, using the relation [27, 28]:∫
0YLM−sY ∗l1m1−sYl2m2 dΩ =
√
(2L+ 1)(2l2 + 1)
4pi(2l1 + 1)
Cl1m1LMl2m2Cl1sL0l2s, (4.13)
we can simplify the Eq. (4.11) as
CX1X2l1l2m1m2 = 4pi
∫
dk
k
∆0X1l1 (k)∆
0X2
l2
(k)
∑
L,M
a00LM (k)
√
(2L+ 1)(2l2 + 1)
4pi(2l1 + 1)
Cl1m1LMl2m2Cl10L0l20,
(4.14)
where C stands for the Clebsch-Gordan coefficient defined as
Cl1m1LMl2m2 = 〈L, l2;M,m2|L, l2; l1,m1〉. (4.15)
Noting the definition of 0Y20(θ, φ):
0Y20(θ, φ) =
1
4
√
5
pi
(
3 cos2 θ − 1) = 3
4
√
5
pi
(
2
3
− sin2 θ
)
, (4.16)
and the definition of Pζk,nc shown in Eq. (4.6), we can define the component a0020, which characterizes the statistical
anisotropy, to be
a0020(k) =
4
3
√
pi
5
c5sg
0
∗Pζ(0)k,nc(k). (4.17)
As a result, Eq. (4.14) implies the anisotropic contribution to the scalar perturbation due to the non-vanishing a0020(k):
CX1X2l1l2m1m2 =
8pic5sg
0
∗
3
√
2l2 + 1
2l1 + 1
Cl1m120l2m2Cl1020l20
∫
dk
k
∆0X1l1 (k)∆
0X2
l2
(k)Pζ(0)k,nc(k), (4.18)
while the isotropic contribution is mainly due to a0000(k) associated with 0Y00 = 1/(2
√
pi). In addition, these anisotropic
contribution are non-zero only for even (l1− l2), e.g., l2 = l1 or l2 = l1±2. Note again that in the scalar perturbations
X1,2 can only be T or E and the definition of isotropic scalar power spectrum Pζ(0)k,nc has been shown in Eq. (3.16).
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B. Anisotropy in the tensor perturbations
Now, we would like to define the correlations in the tensor perturbations:
CX1X2±l1l2m1m2 = 4pi
∫
dk
k
∆2X1l1 (k)∆
2X2
l2
(k)
∫ [
−2Y ∗l1m1(θ, φ)−2Yl2m2(θ, φ) ± 2Y ∗l1m1(θ, φ)2Yl2m2(θ, φ)
]Punph (k, θ, φ)dΩ,
(4.19)
where ’+’ sign corresponds to TT , EE, TE, and BB correlations; while ’−’ sign corresponds to TB and EB cor-
relations [27, 28]. Similar to the method used in the scalar perturbations, we will expand the spectrum Punph into
spherical harmonics given by
Punph =
∑
L,M
aunpLM (k) 0YLM , (4.20)
with aunpLM (k) = 0 for odd L [25]. Hence,
CX1X2±l1l2m1m2 = 4pi
∫
dk
k
∆2X1l1 (k)∆
2X2
l2
(k)
∑
L,M
aunpLM (k)
√
(2L+ 1)(2l2 + 1)
4pi(2l1 + 1)
Cl1m1LMl2m2
[
Cl12L0l22 ± C
l1(−2)
L0l2(−2)
]
. (4.21)
Using the definition of Punph shown in Eq. (4.7) and that of 0Y20(θ, φ) as shown in Eq. (4.16) in the scalar perturbations,
we can obtain
aunp20 (k) =
4
3
√
pi
5
g0∗
4
Ph(0)k,nc (k). (4.22)
It turns out that while the isotropic contribution is mainly due to aunp00 (k) associated with 0Y00 = 1/(2
√
pi), the
anisotropic contribution to the tensor perturbation due to the non-vanishing aunp20 (k) is given by
CX1X2±l1l2m1m2 =
2pig0∗
3
√
2l2 + 1
2l1 + 1
Cl1m120l2m2
[
Cl1220l22 ± C
l1(−2)
20l2(−2)
] ∫ dk
k
∆2X1l1 (k)∆
2X2
l2
(k)Ph(0)k,nc (k), (4.23)
where Ph(0)k,nc (k) has been defined in Eq. (3.38). As a result, the correlations CX1X2+l1l2m1m2 (TT , EE, TE, and BB) are
non-vanishing only for even (l1 − l2), e.g., l2 = l1 or l2 = l1 ± 2; while the correlations CX1X2−l1l2m1m2 (TB and EB) are
non-vanishing only for odd (l1 − l2), e.g., l2 = l1 ± 1.
C. Anisotropy in the cross-correlations
As a result, the following TT , EE, and TE correlations induced by the cross-correlations are given by [27, 28]
CX1X2l1l2m1m2 == 8pic
3
sg
0
∗
∫
dk
k
Pζ(0)k,nc(k)
{
∆0X1l1 (k)∆
2X2
l2
(k)
(
α−2l1+2,m1δl2,l1+2 + α
0
l1,m1δl2,l1
+α+2l1−2,m1δl2,l1−2
)
δm1m2 + (−1)l1+l2+m1+m2∆2X1l1 (k)∆0X2l2 (k)
(
α−2l2+2,−m2δl1,l2+2
+α0l2,−m2δl1,l2 + α
+2
l2−2,−m2δl1,l2−2
)
δ−m2,−m1
}
(4.24)
along with the TB and EB spectra defined as [27, 28]
CX1Bl1l2m1m2 =
4pi√
2
∫
dk
k
∆0X1l1 (k)∆
2B
l2 (k)
∫
Y ∗l1m1 [−2Yl2m2 −+2 Yl2m2 ]Pζh+dΩ
= 8pic3sg
0
∗
∫
dk
k
Pζ(0)k,nc(k)∆0X1l1 (k)∆2Bl2 (k)
(
β−1l1+1,m1δl2,l1+1 + β
+1
l1−1,m1δl2,l1−1
)
δm1m2 , (4.25)
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where we have used the definition of Pζ(0)k,nc and Pζh+ shown in Eqs. (3.16) and (4.8). In addition, the α and β functions
have been defined [27] as
α+2l,m ≡
√
l(l − 1)(l +m+ 1)(l −m+ 1)(l +m+ 2)(l −m+ 2)
(l + 1)(l + 2)(2l + 1)(2l + 3)2(2l + 5)
, (4.26)
α−2l,m ≡
√
(l + 1)(l + 2)(l +m)(l −m)(l +m− 1)(l −m− 1)
(l − 1)l(2l − 3)(2l − 1)2(2l + 1) , (4.27)
α0l,m ≡
2
[
3m2 − l(l + 1)]
(2l − 1)(2l + 3)
√
(l − 1)(l + 2)
l(l + 1)
, (4.28)
β+1l,m ≡ 2m
√
(l − 1)(l +m+ 1)(l −m+ 1)
l(l + 1)(l + 2)(2l + 1)(2l + 3)
, (4.29)
β−1l,m ≡ −2m
√
(l + 2)(l +m)(l −m)
(l − 1)l(l + 1)(2l + 1)(2l − 1) . (4.30)
D. Anisotropy in the linear polarization
We will focus on the correlations induced by the linear polarization in this subsection. As a result, the following
TT , EE, BB, and TE spectra are given by [27, 28]
CX1X2l1l2m1m2 = 4pi
∫
dk
k
∆2X1l1 (k)∆
2X2
l2
(k)
∫ [
−2Y ∗l1m1+2Yl2m2 + +2Y
∗
l1m1−2Yl2m2
]Ppolh dΩ
= 8pigl
∫
dk
k
Ph(0)k,nc (k)∆2X1l1 (k)∆2X2l2 (k)
{
α+2l1,m1α
−2
l1+4,m1
δl2,l1+4
+
(
α+2l1,m1α
0
l1+2,m1 + α
0
l1,m1α
−2
l1+2,m1
− β+1l1,m1β−1l1+2,m1
)
δl2,l1+2
+
[
(α+2l1,m1)
2 + (α0l1,m1)
2 + (α−2l1,m1)
2 − (β−1l1,m1)2 − (β+1l1,m1)2
]
δl2,l1
+
(
α0l1,m1α
+2
l1−2,m1 + α
−2
l1,m1
α0l1−2,m1 − β−1l1,m1β+1l1−2,m1
)
δl2,l1−2
+α−2l1,m1α
+2
l1−4,m1δl2,l1−4
}
δm1,m2 , (4.31)
here we have used the definition of Ppolh shown in Eq. (4.9) and that of α and β functions defined in Eqs. (4.26),
(4.27), (4.28), (4.29), and (4.30). In addition, the isotropic tensor power spectra Ph(0)k,nc has been defined in Eq. (3.38).
On the other hand, the following TB and EB spectra are defined as [27, 28]
CX1X2l1l2m1m2 = 4pi
∫
dk
k
∆2X1l1 (k)∆
2X2
l2
(k)
∫ [
−2Y ∗l1m1+2Yl2m2 − +2Y ∗l1m1−2Yl2m2
]Ppolh dΩ
= 8pigl
∫
dk
k
Ph(0)k,nc (k)∆2X1l1 (k)∆2X2l2 (k)
[(
β+1l1,m1α
−2
l1+3,m1
− α+2l1,m1β−1l1+3,m1
)
δl2,l1+3
+
(
β+1l1,m1α
0
l1+1,m1 + β
−1
l1,m1
α−2l1+1,m1 − α+2l1,m1β+1l1+1,m1 − α0l1,m1β−1l1+1,m1
)
δl2,l1+1
+
(
β+1l1,m1α
+2
l1−1,m1 + β
−1
l1,m1
α0l1−1,m1 − α0l1,m1β+1l1−1,m1 − α−2l1,m1β−1l1−1,m1
)
δl2,l1−1
+
(
β−1l1,m1α
+2
l1−3,m1 − α−2l1,m1β+1l1−3,m1
)
δl2,l1−3
]
δm1,m2 . (4.32)
Note that the coupling gl will be chosen as shown in Eq. (4.10), i.e., gl ' 2(g0∗)2/16.
E. Numerical results
Note that the transfer function ∆ can be calculated numerically by performing the standard Boltzmann codes
[27, 28]. In addition, for the transfer function ∆ = ∆(k), we can also apply the well-known codes built for isotropic
12
inflation to the anisotropic inflationary models. In particular, the Cosmic Linear Anisotropy Solving System (CLASS)
package [42] will be employed to solve the transfer functions and plot the TT , EE, BB, TE, TB, and EB correlations
[28].
Note that c2s ' 1 for the SDBI inflationary model since γ ' 1 is required to endorse inflationary solutions [19].
Hence, all numerical results of the SDBI model is will be closely equal to the result of the canonical KSW model
[25, 27]. However, c2s is arbitrary for the DBI inflationary model free from any constraint on γ[18]. Hence, significant
gaps could show up for the TT , EE, BB, TE, TB, and EB correlations between the DBI model and the canonical
KSW model.
Note also that g∗ and g0∗ are always negative as shown in Eqs. (3.26) and (3.27). In addition, the latest joint analysis
on primordial gravitational waves of BICEP2 and Keck array using the Planck, WMAP, and new BICEP2/Keck
observations through the 2015 season provides an upper bound for the tensor-to-scalar ratio as r0.05 ≤ 0.07 at 95%
confidence level (CL) [30]. Furthermore, Planck collaboration has announced the most recent data at the pivot scale
k∗ = 0.05Mpc−1, e.g., ns = 0.9649± 0.0042 at 68% CL and 109As = 2.100± 0.030 at 68% CL [3]. Hence, we will use
the Planck 2018 data [3] for our numerical results.
Note that r and g0∗ were chosen in Ref. [27] as 0.3, which seem to be inconsistent with the recent observational data.
Hence, we will choose a more reliable set of parameters with g0∗ = −0.03, according to Refs. [34–38], and rnc = 0.03,
according to Ref. [30]. We will also set the coupling gl as gl ' 2(g0∗)2/16 in order to define the following spectra in
linear polarization. According to the relation shown in Eq. (3.43), we have  ' 0.0019 for cs = 1, while  ' 0.0187
for cs = 0.1.
Eq. (3.43) implies that cs and  are not proportional to each other, according to. Indeed, we can plot  as a function
of cs:
0.2 0.4 0.6 0.8 1.0
0.005
0.010
0.015
0.020
cs
ϵ
FIG. 1. (color online).  as a function of cs.
In addition, we will plot the most significant (high amplitude) spectra according to the definitions given by Eqs.
(4.18), (4.23), (4.24), (4.25), (4.31), and (4.32). All figures are plotted in logarithm scales, i.e. ln |y| vs ln l for all
multipole moment l ≤ 1000 with y the magnitude of various spectra. In addition, dashed, dotted, or dotted-dashed
curves will be used to signify the region where the spectra is negative, i.e. y < 0.
According to these numerical plots, the magnitude of all spectra for both cs = 1 and cs < 1 is much lower than the
result in Ref. [27]. This is because that the r and g0∗ chosen in this paper are all of O(10−2), while r and g0∗ in Ref.
[27] are all of O(10−1). As shown in Fig. 2, two of four TT spectra decrease accordingly with different rates when
cs decreases from 1 to 0.1. One of them is induced by the anisotropy in the scalar perturbations (blue dashed-solid
curve). The other one is induced by the cross-correlations (thick red dotted-solid curve). The spectra induced by the
anisotropy of the scalar perturbations decreases with fastest speed since it is proportional to c5s as shown in Eq. (4.18).
On the other hand, the remaining TT spectra induced by the tensor perturbations (green dotted-dashed curve) and
by linear polarization (thin purple dotted curve) increase, however, when cs decreases. This is because that they
depend on , which will increase from 0.0019 to 0.0187 when cs decreases from 1 to 0.1 as shown above.
Moreover, the TB spectrum CTBl,l+1,l,l (the blue dotted-dashed-solid curve) and the EB spectrum C
EB
l,l+1,l,l (the red
dotted-solid curve) both induced by the cross-correlation decrease when cs decreases as shown in Fig. 3. This result
can also be verified directly by Eq. (4.25).
In addition, the points where sign change along the curves shown in Figs. 2 and 3 can be identified by finding
all l where f(l − 1)f(l) < 0. Here f(l) denotes the l-dependence of the spectrum plotted in Figs. 2 and 3. As
a result, we can identify the turning points occur when l = 16 and 92 for CTTl,l+2,0,0 induced by the anisotropy in
the scalar perturbations (blue dashed-solid curve), and l = 48, 164, 315, 617 and 914 for CTTl,l+2,0,0 induced by the
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FIG. 2. (color online). The magnitude of the TT spectra CTTl,l+2,0,0 induced by the anisotropy in the scalar perturbations
(the upper blue dashed-solid curve); by the anisotropy in the tensor perturbations (the green dotted-dashed curve); by the
cross-correlations (the thicker red dotted-solid curve); and by the linear polarization (the bottom purple dotted curve) are
shown respectively. The dotted (red and purple), dashed (blue), and dotted-dashed (green) curves denotes the regions where
CTTl,l+2,0,0 < 0. The left hand side and right hand side figures correspond to the canonical model with cs = 1 and the non-canonical
model with cs = 0.1, respectively. The left figure implies that the TT spectrum associated with the scalar perturbations
dominates over the others for the canonical scalar field. However, this will not be true for the non-canonical scalar field as
shown in the right figure. In addition, the plots display the sign-change points of CTTl,l+2,0,0 induced by the anisotropy in the
scalar perturbations (at l = 16, 92) and CTTl,l+2,0,0 induced by the cross-correlations (at l = 48, 164, 315, 617, 914).
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FIG. 3. (color online). The magnitude of TB spectrum CTBl,l+1,l,l (the middle blue dashed-solid curve) and the magnitude of
EB spectrum CEBl,l+1,l,l (the bottom red dotted-solid curve), both induced by the cross-correlations, are shown in comparison
with the magnitude of the isotropic BB spectrum CBBl,l,0,0 (the upper purple dotted curve). The left hand side and right hand
side figures correspond to the canonical model with cs = 1 and the non-canonical model with cs = 0.1, respectively. Note again
that the dotted-dashed (blue) and dashed (red) curves also denote the region where CX1X2l,l+1,l,l < 0.
cross-correlations (thick dotted-solid red curves) in Fig. 2. In addition, the turning points of CTBl,l+1,l,l and C
EB
l,l+1,l,l
are also specified in the partially enlarged graph shown in Fig. 4.
V. CONCLUSIONS
Effect of non-canonical scalar fields on the CMB imprints of the anisotropic inflation has been discussed in details
in this article. In particular, by using the Bunch-Davies (BD) vacuum state for the non-canonical scalar field [39]
[25–28], we have obtained a general formalism of tensor-to-scalar ratio as well as a general formalism of the angular
power spectra in the scalar perturbations, tensor perturbations, cross-correlations, and linear polarization for the
anisotropic inflationary model with non-canonical scalar field. These results are shown in Eqs. (3.43), (4.18), (4.23),
(4.24), (4.25), (4.31), and (4.32).
In order to test the non-canonical anisotropic inflationary models, some most significant spectra have also been
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FIG. 4. (color online). Curves shown here are enlarged version of Fig. 3 in order to specify sign-change points of the
corresponding spectrum. As a result, the turning points of CTBl,l+1,l,l and C
EB
l,l+1,l,l are l = 346, 647, 941 and l = 307, 523, 799
respectively.
plotted numerically with input parameters adopted from recent observations of the Planck satellite, BICEP2 and
Keck array detectors. As a result, the magnitude of all spectra in this paper is shown to be much lower than the
results shown in Ref. [27]. This is derived from the fact that the r and g0∗ chosen in this paper are all of O(10−2).
In addition, we have shown that the TT spectrum induced by the anisotropy in the scalar perturbations is not the
most sensitive among four TT spectra shown in this paper when cs < 1. This result is also compared with the results
for the canonical scalar field with cs = 1 in which the magnitude of the TT spectrum induced by the anisotropy in
the scalar perturbations turns out to be the largest. This is the most distinguishable difference between the canonical
and non-canonical anisotropic inflationary models. Hopefully, these predictions can be tested in the near future by a
more sensitive primordial gravitational wave observations.
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Appendix A: The second order correction to the full scalar power spectrum
In order to derive Eq. (3.24), we need to perform the following integration:
−
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2〈0|
[[
ζˆ(0)nc (k, η)ζˆ
(0)
nc (k
′, η), Hζ(η1)
]
, Hζ(η2)
]
|0〉
=− 16E
2
x
H8
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2〈0|
∫
d3k1
∫
d3k2
× 1
η41η
4
2
[
ζˆ(0)nc (k, η)ζˆ
(0)
nc (k
′, η)ζˆ(0)nc (k1, η1)− ζˆ(0)nc (k1, η1)ζˆ(0)nc (k, η)ζˆ(0)nc (k′, η), ζˆ(0)nc (k2, η2)
]
δEx(k1, η1)δEx(k2, η2)|0〉
' 4c
4
sE
2
x
k32M4p
δ3(k + k′) sin2 θ
∫ η
−1/(csk)
dη1
(η3 − η31)
η41
∫ η1
−1/(csk)
dη2
(η3 − η32)
η42
' 2pi
2
k3
δ3(k + k′)
c4sE
2
xN
2
csk
pi22M4p
sin2 θ. (A1)
Here we have used the relation ηmin,1 = ηmin,2 due to the factor δ
3(k + k′). In addition, we have also used the
identity Ncsk ≡ ln |ηcsk| and the condition |ηcsk|  1.
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Appendix B: The second order correction to the full tensor power spectrum
In order to derive the tensor power spectrum correction derived from the coupling term −1/4f2(φ)F 2, we need to
evaluate the tree-level interacting Hamiltonian for tensor perturbations. As a result, three different tensor parts of
the tree-level interacting Hamiltonian can be shown to be[25]
Hh1 = a
4Ex
∫
d3kδEx(k, η) 1√
2
hˆ+(−k, η) sin2 θ, (B1)
Hh2 = a
4Ex
∫
d3kδEy(k, η)−1√
2
hˆ+(−k, η) sin θ cos θ, (B2)
Hh3 = a
4Ex
∫
d3kδEz(k, η)−i√
2
hˆ×(−k, η) sin θ (B3)
associated with the corresponding tree-level interacting Lagrangian
Lint,h = −a4Ex
∑
i=x,y,z
δEihxi. (B4)
In addition, the two-point correlation of tensor perturbation reduces to
〈0|hˆij(k)hˆij(k′)|0〉 ' 〈0|hˆ(0)ij (k)hˆ(0)ij (k′)|0〉+ δ〈0|hˆ×(k)hˆ×(k′)|0〉+ δ〈0|hˆ+(k)hˆ+(k′)|0〉. (B5)
Here the cross terms between hˆ×(k) and hˆ+(k) in Eq. (B5) vanishes:
δ〈0|hˆ×(k)hˆ+(k′)|0〉 = δ〈0|hˆ+(k)hˆ×(k′)|0〉 = 0 (B6)
due to the normalization condition esij(k)e
∗s′
ij (k) = δss′ . We also need to evaluate a set of corrections for power
spectrum. The first integration is
δ〈0|hˆ×(k)hˆ×(k′)|0〉
=−
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2〈0|
[[
hˆ
(0)
× (k, η)hˆ
(0)
× (k
′, η), Hh3(η1)
]
, Hh3(η2)
]
|0〉
' − 16E
2
x
9H4M4p
sin2 θ
∫ η
ηmin,1
dη1
(η3 − η31)
η41
∫ η1
ηmin,2
dη2
(η3 − η32)
η42
〈0|δEz(−k, η1)δEz(−k′, η2)|0〉
' 2pi
2
k3
δ3(k + k′)
2E2x
pi2M4p
N2k sin
2 θ. (B7)
Here ηmin = −1/k and Nk ≡ ln |ηk|. Consequently, the ’×’ mode power spectrum correction can be shown to be
δPh× =
2E2x
pi2M4p
N2k sin
2 θ. (B8)
Similarly, the + mode correction can be derived from
δ〈0|hˆ+(k)hˆ+(k′)|0〉 =−
∑
A,B=h1,h2
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2〈0|
[[
hˆ
(0)
+ (k, η)hˆ
(0)
+ (k
′, η), HA(η1)
]
, HB(η2)
]
|0〉
' 16E
2
x
9H4M4p
∫ η
ηmin,1
dη1
(η3 − η31)
η41
∫ η1
ηmin,2
dη2
(η3 − η32)
η42
× [〈0|δEx(−k, η1)δEx(−k′, η2)|0〉 sin4 θ − 〈0|δEx(−k, η1)δEy(−k′, η2)|0〉 sin3 θ cos θ
−〈0|δEy(−k, η1)δEx(−k′, η2)|0〉 sin3 θ cos θ + 〈0|δEy(−k, η1)δEy(−k′, η2)|0〉 sin2 θ cos2 θ
]
.
(B9)
Indeed, with the help of
〈0|δEx(−k, η1)δEx(−k′, η2)|0〉 = 9H
4
2k3
sin2 θδ3(k + k′), (B10)
〈0|δEy(−k, η1)δEy(−k′, η2)|0〉 = 9H
4
2k3
cos2 θδ3(k + k′), (B11)
〈0|δEx(−k, η1)δEy(−k′, η2)|0〉 = 〈0|δEy(−k, η1)δEx(−k′, η2)|0〉 = −9H
4
2k3
sin θ cos θδ3(k + k′), (B12)
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we can show that
δ〈0|hˆ+(k)hˆ+(k′)|0〉 = 4E
2
x
k3
∫ η
ηmin,1
dη1
(η3 − η31)
η41
∫ η1
ηmin,2
dη2
(η3 − η32)
η42
× [(sin6 θ + 2 sin4 θ cos2 θ + sin2 θ cos4 θ) δ3(k + k′)]
' 2pi
2
k3
δ3(k + k′)
2E2x
pi2M4p
N2k sin
2 θ. (B13)
Hence the ’+’ mode power spectrum correction becomes:
δPh+ =
2E2x
pi2M4p
N2k sin
2 θ. (B14)
This is identical to the result δPh× consistent with the result shown in Eq. (3.39).
Appendix C: Pζh+ and Ppolh
The cross term Pζh+ can be derived from the two-point correlation:
〈0|ζˆnc(k, η)hˆ+(k′)|0〉
' −
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2〈0|
[[
ζˆ(0)nc (k, η)hˆ
(0)
+ (k
′, η), Hζ(η1)
]
, Hh1(η2) +Hh2(η2)
]
|0〉
=− 2
√
2E2x
H8M4p
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2
1
η41η
4
2
−4H4c2s
9
(η3 − η31)(η3 − η32)
× [〈0|δEx(−k, η1)δEx(−k′, η2)|0〉 sin2 θ − 〈0|δEy(−k, η1)δEx(−k′, η2)|0〉 sin θ cos θ] . (C1)
With the help of Eqs. (B10), (B11), and (B12), it can be shown that
〈0|ζˆnc(k, η)hˆ+(k′)|0〉 = −2pi
2
k3
δ3(k + k′)
2E2xc
2
s√
2pi2M4p
sin2 θNcskNk. (C2)
Hence the cross power spectrum is given by Eq. (4.8):
Pζh+ = −
2E2xc
2
sNcskNk√
2pi2M4p
sin2 θ = c3s
√
2g0∗Pζ(0)k,nc sin2 θ. (C3)
Note that ηmin = −1/(csk) < −1/k for cs < 1.
In addition, the linear polarization term is defined as Ppolh = (Ph+ − Ph×)/2 as shown in Eq. (4.5).
Note that Ph+ ' Ph× for 0th, 1st, and 2nd order in the expansion of the interacting Hamiltonian. The leading
correction is derived from higher order terms. In addition, 〈0|aaa|0〉 = 〈0|a†aa|0〉 = . . . = 〈0|a†a†a†|0〉 = 0, we can
show that the third order term contributes nothing to Ppolh . This means that we have to consider at least the fourth
order terms. Firstly, we evaluate the following correlation up to the fourth order
〈0|hˆ×(k)hˆ×(k′)|0〉(4)
=
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2
∫ η2
ηmin,3
dη3
∫ η3
ηmin,4
dη4
× 〈0|
[[[[
hˆ
(0)
× (k, η)hˆ
(0)
× (k
′, η), Hh3(η1)
]
, Hh3(η2)
]
, Hh3(η3)
]
, Hh3(η4)
]
|0〉
' E
4
x
4H16
sin4 θ
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2
∫ η2
ηmin,3
dη3
∫ η3
ηmin,4
dη4〈0|
∫
d3k1
∫
d3k2
∫
d3k3
∫
d3k4
×
[[[[
hˆ
(0)
× (k, η)hˆ
(0)
× (k
′, η), hˆ(0)× (k1, η1)
]
, hˆ
(0)
× (k2, η2)
]
, hˆ
(0)
× (k3, η3)
]
, hˆ
(0)
× (k4, η4)
]
× 1
η41η
4
2η
4
3η
4
4
δEz(η1,k1)δEz(η2,k2)δEz(η3,k3)δEz(η4,k4)|0〉. (C4)
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In order to deal with the complicate integration, we need the following useful results,∫
d3k1
∫
d3k2
[[
hˆ
(0)
× (k, η)hˆ
(0)
× (k
′, η), hˆ(0)× (k1, η1)
]
, hˆ
(0)
× (k2, η2)
]
δEz(k1, η1)δEz(k2, η2)
'− 16H
4
9M4p
(η3 − η32)(η3 − η31) [δEz(−k′, η1)δEz(−k, η2) + δEz(−k, η1)δEz(−k′, η2)]
=− 16H
8
√
k3k′3M4p
(η3 − η32)(η3 − η31)
[
a2(−k′) + a†2(k′)
] [
a2(−k) + a†2(k)
]
, (C5)∫
d3k3
∫
d3k4
[[
1, hˆ
(0)
× (k3, η3)
]
, hˆ
(0)
× (k4, η4)
]
δEz(k3, η3)δEz(k4, η4)
'− i 4H
2
3M2p
∫
d3k3(η
3
3 − η34)δEz(k3, η3)δEz(−k3, η4)
'− i6H
6
M2p
(η33 − η34)
∫
d3k3
k33
[
a2(k3) + a
†
2(−k3)
] [
a2(−k3) + a†2(k3)
]
. (C6)
Here δEi is defined in Eq. (3.21). As a result, the integration in Eq. (C4) reduces to
〈0|hˆ×(k)hˆ×(k′)|0〉(4)
' 24E
4
x
H2M6p
sin4 θ
∫ η
ηmin,1
dη1
∫ η1
ηmin,2
dη2
∫ η2
ηmin,3
dη3
∫ η3
ηmin,4
dη4〈0|
∫
d3k3
(η3 − η31)(η3 − η32)(η33 − η34)
η41η
4
2η
4
3η
4
4
i√
k3k′3k33
×
[
a2(−k′) + a†2(k′)
] [
a2(−k) + a†2(k)
] [
a2(k3) + a
†
2(−k3)
] [
a2(−k3) + a†2(k3)
]
|0〉
' E
4
xN
4
k
H2M6p
sin4 θ〈0|
∫
d3k3
i√
k3k′3k33
[
a2(−k′), a†2(k′)
] [
a2(k3)a
†
2(k3) + a
†
2(k3)a2(k3)
]
|0〉. (C7)
Note also that∫
d3k3
i√
k3k′3k33
〈0|
[
a2(−k′), a†2(k′)
] [
a2(k3)a
†
2(k3) + a
†
2(k3)a2(k3)
]
|0〉 ∼ Q×
k3
δ3(k + k′), (C8)
with Q× ' O(1) an undetermined number. Hence it can be shown that
〈0|hˆ×(k)hˆ×(k′)|0〉(4) ∼ 2pi
2
k3
δ3(k + k′)
Q×E4xN
4
k
2H2pi2M6p
sin4 θ. (C9)
This implies that
δP(4)h× ∼
Q×E4xN
4
k
2H2pi2M6p
sin4 θ. (C10)
Similarly, 〈0|hˆ+(k)hˆ+(k′)|0〉(4) can be shown to be:
〈0|hˆ+(k)hˆ+(k′)|0〉(4) ' E
4
xN
4
k
H2
sin4 θ〈0|
∫
d3k3
i√
k3k′3k33
[
a1(−k′), a†1(k′)
] [
a1(k3)a
†
1(k3) + a
†
1(k3)a1(k3)
]
|0〉
∼ 2pi
2
k3
δ3(k + k′)
Q+E
4
xN
4
k
2H2pi2M6p
sin4 θ, (C11)
with Q+ ' O(1) another undetermined number. Note that Q+ 6= Q× for a1(k3) 6= a2(k3). Consequently, δP(4)h+ can
be shown to be:
δP(4)h+ '
Q+E
4
xN
4
k
2H2pi2M6p
sin4 θ. (C12)
As a result, Ppolh defined in [27] reduces to:
Ppolh ∼
1
2
(
δP(4)h+ − δP
(4)
h×
)
∼ E
4
xN
4
k
4H2pi2M6p
sin4 θ (Q+ −Q×) ∼ glPh(0)k,nc sin4 θ, (C13)
with
gl ∼ O
(
2(g0∗)
2
16
)
. (C14)
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Appendix D: Spin-i-weighted spherical harmonics
The definition and some of the properties of the spin-i-weighted spherical harmonics, the iYlm(θ, φ), will be listed
in this section for reference. Indeed, the definition of iYlm(θ, φ) is given by [43]
sYlm(θ, φ) =
(
2l + 1
4pi
)1/2
Dl−s,m(θ, φ, 0) (D1)
=
[
2l + 1
4pi
(l +m)!(l −m)!
(l + s)!(l − s)!
]1/2 [
sin
(
θ
2
)]2l
×
∑
r
(
l − s
r
)(
l + s
r + s−m
)
(−1)l−r−seimφ
[
cot
(
θ
2
)]2r+s−m
. (D2)
Here
Dl−s,m(θ, φ, ψ) =
√
4pi
2l + 1
sYlm(θ, φ)e
−isψ, (D3)
denotes the rotation matrix with the Euler angles (φ, θ, ψ). Furthermore, some useful properties of iYlm(θ, φ) are
listed below: [43]
iY
∗
lm(θ, φ) = (−1)m+i−iYl,−m(θ, φ), (D4)∫
(iY
∗
lm) (iYl′m′) dΩ = δll′δmm′ , (D5)∑
l,m
[iY
∗
lm(θ, φ)] [iYlm(θ
′, φ′)] = δ(φ− φ′)δ(cos θ − cos θ′), (D6)
iYlm → (−1)l−iYlm, (D7)
(i1Yl1m1) (i2Yl2m2) =
√
(2l1 + 1)(2l2 + 1)
4pi
×
∑
l,m,i
〈l1, l2;m1,m2|l1, l2; l,m〉〈l1, l2;−i1,−i2|l1, l2; l,−i〉
√
4pi
2l + 1
(iYlm) , (D8)
with 〈 | 〉 the Clebsch-Gordan coefficients[44].
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